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Chapter 3. Elastic coupling between nonferroelastic domain walls
P
s fe
rro
el
ec
tri
c
B o t t o m        e l e c t r o d e
Top electrode
su
bs
tra
ted
om
ai
n 
w
al
l
ξ
z [001]
x [100]
h
y [010]
Figure 3.1: Schematic of the problem: thin ﬁlm of thickness h with a domain wall in the region
x ∈ (−ξ,ξ) on a substrate of thickness hS in the region (−hS < z < 0). Two cases considered:
hS = 0 (free standing ﬁlm) and hS 
 h (ﬁlm on a substrate).
an appreciable interaction between domain walls. An essential feature of the results is that
they have been obtained for a 180◦ ferroelectric-nonferroelastic wall, while the elastic effects
in thin ﬁlms were commonly expected so far to be important only for ferroelectric-ferroelastic
walls.
The predicted effects can be viewed as an impact of the ﬁlm surface on the domain
wall structure. Some surface effects were theoretically addressed in the past, reporting the
distortion of the wall structure at distances from the surface comparable with the domain wall
thickness [25, 35]. In this chapter, in contrast, a strong modiﬁcation of the elastic structure
of the wall throughout the whole ﬁlm thickness is shown, implying an appreciable interwall
coupling.
In the following, ﬁrst a simple analytical model is considered for the elastic structure of a
180◦ wall for the case of a freestanding thin ﬁlm. This simple treatment captures the principal
features of the phenomenon both in freestanding thin ﬁlms and in ﬁlms on substrates and
allows a simple qualitative explanation of the effect to be given. Then the results of a numerical
simulation of the wall structures are presented in freestanding ﬁlms and in ﬁlms on substrates
using an advanced model. Based on these results the interwall coupling is evaluated to show
that the force applied to the wall due to this coupling can be comparable to that due to the
applied electric ﬁeld in the switching regime. The modelling addresses the short-circuited
situation for the geometry with top and bottom electrodes, common for applications of
ferroelectric thin ﬁlms. In this situation, the electrostatic effects are strongly suppressed and
are negligible with respect to the elastic effects in question.
Consider a perovskite ferroelectric ﬁlm of thickness h in the tetragonal phase, either
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Figure 3.2: Normalized strain component r11(x,h/2) calculated according to Eq. (3.13) as a
function of the distance from the wall center x for the middle cross section of a freestanding
PbTiO3 ﬁlm for different ﬁlm thicknesses h. Dashed lines represent the x dependence of the
same component for a wall in the bulk crystal. 011 is the strain in the wall center in the bulk
system [Eq. (3.12)]. ξ is the correlation length. (a) h = 25ξ, (b) h = 50ξ, (c) h = 100ξ, and (d)
h = 200ξ.
Expression (3.13) for r11 strain component consists of two terms: the ﬁrst term, with the
scale x ∼ 2ξ, corresponds to the exact solution for a bulk sample (3.11); the second term, with
the scale h, represents the surface-related contribution to the elastic proﬁle.
Let us compare the two terms in Eq. (3.13). Since, typically, h 
 ξ, the second term is
expected to be small by the factor ξ/h. However, in perovskites the factor R is large (e.g.,
45 in PbTiO3), which enhances the surface effect. As a result, for typical ﬁlm thicknesses
(10ξ < h < 100ξ), the two terms in Eq. (3.13) are comparable. Such a high strength of the
surface effect is related to the high anisotropy of the electrostrictive tensor qi j . The high value
of R in perovskites is a consequence of the fact that typically q11 
 q12 in these materials (e.g.,
for PbTiO3 q11/q12 = 24.8)
The elastic proﬁles for the middle cross section of the ﬁlm (z = h/2), as described by
Eq. (3.13), for free-standing PbTiO3 ﬁlms with different thicknesses are shown and compared
with those of the bulk system in Fig. 3.22. One can see an appreciable qualitative difference
2The values used for the ratios 2s12/s11 =−0.625, q11/q12 = 24.8 correspond to those in PbTiO3. The polariza-
tion proﬁle is described by the function f (x)= tanhx.
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3.2. Numerical description of nonferroelastic domain walls in thin ﬁlms
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Figure 3.3: In-plane strain r11(x,z) for a 20 nm-thick freestanding PbTiO3 ﬁlm. (a) Strain dis-
tribution in xz cross section. (b) The strain at the middle cross sections of the ﬁlm: numerical
simulations shown by the solid line, Eq. (3.13) shown as a dashed line.
between the elastic proﬁles in the ﬁlm and those in the bulk system. Such a difference holds
for a broad range of ﬁlm thicknesses. Therefore, we can speak here about the effect of "elastic
widening" of domain walls in ferroelectric thin ﬁlms in general.
The physics behind this effect can readily be elucidated drawing analogy with the Saint-
Venant principle [36]. Essentially, the domain wall manifests itself as an inclusion of a material
with different lattice constants. The mismatch gives rise to elastic ﬁelds which, in agreement
with the Saint-Venant principle, penetrate inside the domains on distances of the order of
the ﬁlm thickness. The strain distribution has the well-known structure of elastic ﬁelds from
a linear indentation [38] on a semi-inﬁnite isotropic medium. These elastic ﬁelds are sign
changing like those from a vertical point load [37]. In the context of the considered problem,
an effective linear indentation takes place since the bulk solution does not satisfy stress-free
conditions on the surfaces [20].
3.2 Numerical description of nonferroelastic domain walls in thin
ﬁlms
The above considerations capture the main features of the effect. As a support, numerical self-
consistent calculations of Eqs. (3.2)–(3.9) were performed taking into account the feedback
of the elastic ﬁelds on the polarization proﬁle and electrostatic effects. The results of the
calculations for 20 nm thick ﬁlms using parameters for PbTiO33 are presented in Fig. 3.3(a)
3Parameters used for PbTiO3: s11 = 8.0×10−12 Pa−1, s12 = −2.5×10−12 Pa−1, s44 = 18×10−12 Pa−1, Q11 =
0.089 m4/C2, Q12 = −0.026 m4/C2, α = −3.45× 108 Vm/C (at T = 300 K), β = −2.9× 108 Vm5/C3, γ = 1.6×
109 Vm9/C5, g11 = 2×10−10 Vm3/C, g44 = 10−10 Vm3/C, κb = 100.
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Figure 3.4: In-plane strain r11(x,z) in 20nm-thick PbTiO3 ﬁlm on a substrate. The thin ﬁlm
lays at z ∈ (0,20) nm. (a) Strain distribution in xz cross section. (b) Cross sections of r11(x,z)
at different constant z: in the middle of the ﬁlm at z = 10 nm (thick line), at z = 5 nm (thin
line) and z = 15 nm (dashed line).
in the third dimension) of their elastic interaction:
p(w)= 1
h
dU/dw, (3.17)
U (w)=

ci jkl
r
i j (x,z)
r
kl (x−w,z)dxdz, (3.18)
where ci jkl is the stiffness tensor, 
r
i j (x,z) is the ﬁeld created by an individual domain wall
located at x = 0. Equation (3.18) implies that the elastic ﬁeld of the ensemble of two domain
walls is taken as a sum of those created by individual domain walls. The integration is carried
out over all the sample including both ﬁlm and substrate. Based on the numerical results,
this force is evaluated for a PbTiO3 ﬁlm of thickness 20 nm. Figure 3.5 shows a plot of the
normalized force Ee(w)= 0.5p(w)/PS of interaction between domain walls obtained using
Eqs. (3.17) and (3.18). The parameter Ee has the meaning of the electric ﬁeld which creates the
same force (per unit area) on the walls as that due to the elastic interaction between domain
walls. One should mention that Fig. 3.5 does not fully describe interaction between domain
walls, since it does not take into account the interaction between the polarization proﬁles of
the domain walls. However, one expects that, for w 
 ξ, the force acting between the walls
due to the elastic widening effect will be dominating. As seen from Fig. 3.5, this force, being
equivalent to electric ﬁeld of a few kV/cm, can be comparable to the coercive force acting on
the wall. This suggests a potentially strong effect of the interwall interaction on polarization
switching in thin ﬁlms. Interestingly, the complicated structure of the elastic ﬁelds around
27





3.4. Conclusions
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Figure 3.7: Function Π(x)= 1−P2(x)/P2S for the bulk polarization proﬁle (green, thick) and
the corrected proﬁle (blue, thin)
with tW = 4ξ).
Equation (3.44) was solved in approximation ξ h; the following polarization proﬁle was
obtained:
Pz(x)≈ PS
(
1+ ξ
h
g (
x
h
)
)
tanh
(
x
2ξ(1− ξh g (0))
)
. (3.48)
One can elucidate that this proﬁle satisﬁes Eq. (3.44) by substituting it into (3.44) and making
the following approximations at the two characteristic scales of the x-coordinate:
• when x ∼ ξ, one can set g (x/h)≈ g (0).
• when x ∼ h, one can set P (x)≈ PS , and keep only terms of the ﬁrst order of smallness
(∝ (ξ/h)) in Eq. (3.44).
Thus, the function g (ζ) describes the back effect of elastic stresses on the polarization.
One can see that the correction to the polarization proﬁle has smallness (ξ/h), and the proﬁle
of polarization in the thin ﬁlm is very close to the proﬁle in the bulk – see Fig. 3.7 where
functionΠ(x)= 1−P2(x)/P2S is plotted for these two cases. However, despite this smallness of
correction to the polarization proﬁle, its back inﬂuence on the elastic effects is not negligible.
The trends leading to this behaviour can be demonstrated as follows.
After the back inﬂuence on the polarization proﬁle is obtained (Eq. (3.48)), one should
33














Chapter 4. Mechanically incompatible ferroelastic domain walls in thin ﬁlms
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Figure 4.4: Average angles of inclination at different thicknesses of the BiFeO3 ﬁlm. Dots
represent the results obtained in framework of the model developed for sparse structures,
solid line shows the results for non-sparse structures. Dashed line shows the inclination of 45◦
of mechanically compatible DW.
nm, the inclination of the DW lies within 3◦ from the mechanically compatible DW orientation
of 45◦. With increasing the ﬁlm thickness, the deviation of the DW off the mechanically
compatible state decreases, which opposes to the behaviour of the single DW. In structures
with a single wall, whole ﬁlm is stressed due to the ﬁlm-substrate lattice mismatch, and the DW
tends to deviate by a large angle in order to relax the σ13 and σ23 shear stresses and minimize
the elastic energy of the structure. In non-sparse structures, stress components σ13 and σ23
are essentially different from zero only within the region near the substrate of the size of the
order of the domain width. Outside this region, a deviation of the wall leads to generation of
additional elastic ﬁelds rather than relaxation. As a consequence, the deviation of the wall in
non-sparse structures is not as favourable as in the structures with a single DW. In the limiting
case of the ﬁlm thickness tending to inﬁnity, the ﬁlm is characterized by dense domain pattern,
stress components σ13 and σ23 are absent in the whole ﬁlm, and the minimal elastic energy of
the structure is given by the DW inclination of 45◦ to the surface since any deviation of the DW
would lead to increase of the elastic energy.
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Chapter 5. Inclined ferroelectric domain walls as reconﬁgurable metallic-like channels
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Figure 5.3: Results of the numerical simulations of PZT 60 nm ﬁlms [40] at temperature 50 K.
(a) Illustration of domain wall bending on phase ﬁeld calculated a-domains of different widths.
Inclination of domain walls (boundaries between the blue and red regions) is shown with re-
spect to the ideal neutral orientation (indicated by the black lines). The domain walls bending
is larger at narrower a-domains. (b) Colour scale map of the phase-ﬁeld calculated electron
concentration for different a-domain widths. (c) Plot of mean free electron concentration
at the domain walls versus the a-domain width compared with the electron concentration
obtained using the results of theoretical description developed in Chapter 5.1.
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Chapter 5. Inclined ferroelectric domain walls as reconﬁgurable metallic-like channels
Figure 5.4: Conduction along a-domains in 60 nm thick PZT ﬁlm measured by cAFM. (a)
Illustration of the a/c-domain pattern in the tetragonal ﬁlm on the substrate with the AFM
tip probing the surface. The c-domains (a-domains) have their c (a) lattice parameter per-
pendicular to the surface. The colour scheme is substrate (dark gray), c-domains (blue), and
a-domains (red). Blue and red arrows show the polarization direction for c- and a-domains,
respectively. (b,c) Topography and conduction map measured at ambient conditions under dc
tip bias of −6.5 V. (d,e) Topography and conduction map measured at 54 K under dc tip bias of
−7 V. (f,g) Topography and conduction map measured at 4 K under dc tip bias of −7 V. (h–j)
Cross sections of the conductive traces averaged over 40 lines measured on the images (c,e,g),
respectively. The areas used for the measurements are marked on the corresponding images
with white dashed frames.
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6.2. Energetics of narrow a-domain inclusions
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Figure 6.2: The distribution of the in-plane stress σ(t )11 in the X Z cross-section of the sample.
Domain width to ﬁlm thickness ratio ξ= 0.12
free surface z = 0:
σ(ED)33 (x,0)=σ(ED)13 (x,0)= 0. (6.8)
Explicit expressions for the stress components of σ(ED)i j are given in Appendix A. As an
illustration, the distribution of the resulting in-plane stress σ(t )11 in the X Z cross-section of the
sample containing a narrow a-domain inclusion into c-monovariant is shown in Fig. 6.2.
6.2 Energetics of narrow a-domain inclusions
For the case of isotropic substrate (as1 = as2), the energetics of individual a-domain-stripe
inclusions into c-monovariant ﬁlm was studied in Ref. 16. As the output of this theory elastic
energy of a-domain inclusion relative to the c-monovariant (per unit length in Y-direction)
was found in the form
U =
h2E2T (−2πΦ(1+ν)ξ+2ξarctan[ ξ2 ]+ 14ξ2 ln[1+ 4ξ2 ]−2ln[1+
ξ2
4 ])
2π(1−ν2) . (6.9)
Here Φ=Φ1 =Φ2 (see Eq. (6.1)). As it is expected, the a-domain inclusions with all four
possible orientations in this case are energetically equivalent: in addition to (101) orientation
of the inclusion shown in Fig. 6.1 and (101¯) orientation of the inclusion, both described by
ﬁctitious dislocation with line along Y-axis, there are two more possible orientations of the
inclusions: (110) and (11¯0) which correspond to ﬁctitious dislocation along the X-axis.
The anisotropy of the substrate is expected to make a distinction between the a-domain
73






Chapter 6. Narrow ferroelastic domains and their sparse patterns in tetragonal
ferroelectric thin ﬁlms
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Figure 6.5: Diagrams for 1D domain pattern control in terms of the ﬁlm thickness h and the
coherency factor γ . (a) The solid curves correspond to a constant period of the pattern; the
numbers at the curves give the period measured in h0 units. (b) The solid curves correspond to
a constant width of the a-domains wd ; the numbers at the curves give the domain width wd
in h0 units. The upper dashed curves show the limit of the applicability of the approximation
used in the calculation, wd/h < 1/2. The area in (b) below the dotted curve corresponds to the
c-monovariant.
system of equations leads to:
l2 = πh
2ξ2
−1.38h0h +0.3825ξ7/4
, (6.36)
γξ= 0.5525ξ7/4−0.92h0
h
. (6.37)
Numerical solution for the set of Eqs. (6.36) and (6.37) is illustrated in Fig 6.5, where
domain periodicity l (a) and width wd = hξ (b) are plotted in the axes of the ﬁlm thickness
h and coherency factor γ (all lengths are in units h0). One can note that the domain period
diverges on approaching the critical thickness hcr ≈ 0.21h0γ−7/3. (Eq. (6.27)) corresponding to
the dotted line in Fig 6.5(b).
In summary, the geometrical parameters of the 1D lamellar pattern, the width wd = hξ
and period l of the a-domains are controlled by the ﬁlm thickness h and two material-related
parameters: the length scale h0 which is a property of the ferroelectric (Eq. (6.22)) and the
coherency factor γwhich characterizes the stress state of the ﬁlm and can be presented in the
80





Chapter 6. Narrow ferroelastic domains and their sparse patterns in tetragonal
ferroelectric thin ﬁlms
Figure 6.7: Dependence of the domain width on the ﬁlm thickness. Black rounds - experi-
ment; dotted line - theoretically expected domain width for the ﬁlm using ceramics lattice
constants (γ=0.2, linear approximation given by Eq. (6.39) is used); solid line - theoretically
expected domain width using recalculated lattice constants for the free-standing ﬁlm (γ=0.015,
Eq. (6.37))
6.6.2 Domain widths for Pb(Zr,Ti)O3 on DyScO3 substrate
Let us apply this approach to Pb(Zr0.1,Ti0.9)O3 (PZT) on DyScO3 (DSO) substrate, the system
addressed in Ref. 64. For a number of samples with different ﬁlm thicknesses ranging from 50
to 250 nm an analysis of domain structures was made. The ﬁlms were grown using PLD method
and domain widths were measured using piezo force microscopy (PFM) and transmission
electron microscopy (TEM) imaging techniques. For the case of TEM observations, (010)
lamellae were cut out of the samples using mechanical polishing and ion milling, for more
details see Ref. 64. The dependence of the domain width on ﬁlm thickness is shown in Fig. 6.7.
At room temperature in DSO as1=0.39505 nm and as2=0.39468 nm. The calculation using
the ceramics room temperature values for lattice constants of PZT (90/10) (are f = 0.3914 nm,
cre f = 0.4138 nm) leads to γ= 0.2 and results in the dotted line in Fig. 6.7, which is in a sharp
conﬂict with the observed experimental data. The XRD measurements indicated that the
true a and c indeed exceed are f and cre f . To recalculate the lattice constants the XRD data
shown in Fig. 2(d) of Ref. 69 have been used, re-scaled to ﬁt the in-plane lattice constant of the
substrate to the corresponding maximum in the reciprocal space. As a result, it was obtained
that the value of Δ, within experimental error margins, lies between 0.2% and 1%. In Fig. 6.7,
the theoretical dependence of a-domain width on the ﬁlm thickness is plotted for γ= 0.015,
which corresponds to Δ= 0.84%, consistent with the experimental data. The values of lattice
constants of the ﬁlm corresponding to this case are: am = 0.39469 and cm = 0.41728.
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Chapter 7. Moving antiphase boundaries using an external electric ﬁeld
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Figure 7.1: Schematic of the problem statement under consideration and its geometry. The
AFM tip is initially placed at the distance yi from a ﬂat wall. The proﬁle of the wall is divided
into two regions: Region 1 where the wall is displaced, and Region 2 where the wall remains
ﬂat.
and the applied voltage. The residual displacement on the subsequent removal of the applied
voltage on the AFM tip is estimated, showing the same order of magnitude as the initial
displacement.
7.1 Equilibrium of forces at the antiphase boundary in an electric
ﬁeld
The proﬁle of the displaced wall on the application of the voltage on the AFM tip can be found
through the requirement of the equilibrium of forces in each point along the wall. These forces
are the electrostatic force pel arising from the interaction of the polarization proﬁle with the
inhomogeneous electric ﬁeld, the mechanical force pme associated with the wall bending and
the friction force ppe associated with the pinning of the movable boundary. For the latter the
concept of dry friction is applied, meaning that ppe =min(pmaxpe , |pel +pme |), where pmaxpe is
the limiting friction force.
At points far away from the AFM tip, where pel is smaller than p
max
pe , the driving force for
the displacement is not large enough to overcome the maximum pinning force and, hence, the
92
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